We test the conjectured relationship between N = 4 super Yang-Mills theory in four dimensions and IIB supergravity compactified on AdS 5 × S 5 by computing the twoand three-point functions of R-symmetry currents. We observe that the integral expressions describing the general three-point correlator on the supergravity side have a structure similar to one-loop triangle diagrams in N = 4 super Yang-Mills theory. This allows us to compare the expressions on both sides of the AdS/CFT correspondence without the technical complications of the loop integrations. We confirm that the two-and three-point correspondence arises at only one-loop in the N = 4 super Yang-Mills theory. Higher-point functions as well as further threepoint functions may be analyzed similarly.
Introduction
Recently there has been much progress in the understanding of conformal field theories in greater than two dimensions [1, 2, 3] 1 . These developments are based on the conjecture by Maldacena that d-dimensional conformal field theories are dual to certain string theories compactified to d+1-dimensional anti-de Sitter space [1] . In [2, 3] a prescription was given how to evaluate conformal field theory correlation functions starting from string theory, or rather supergravity, on AdS d+1 ; the boundary values of the supergravity fields act as sources for conformal operators. This scheme permits an evaluation of superconformal correlators in the 't Hooft limit at strong effective coupling by examining the classical action, i.e. tree graphs, of IIB supergravity. There have been several recent tests of this conjecture involving the computation of correlators in [4, 5, 6] .
In this paper we examine the two-and three-point function of SU(4) R-currents in d = 4, N = 4 super Yang-Mills theory. We compute these correlation functions from supergravity on AdS 5 × S 5 and compare with the one-loop N = 4 super Yang-Mills result. The fact that we make the comparison only at one-loop is surprising because the regime where the supergravity result is valid coincides with large 't Hooft coupling. For the anomalous d abc contribution this is clearly correct by the Adler-Bardeen theorem, but there is no apparent reason why the same holds for the f abc term, save a possible superconformal non-renormalization theorem as noted in [5] . We will show that the supergravity result for both terms, if left as an integral expression, has the structure of a field theory triangle diagram. This could be due to the constrained kinematics of three-point functions as well as the requirements of conformal symmetry. The one-loop calculations will be performed in momentum space. This requires a regularization of the UV-divergences for which we have chosen the method of dimensional reduction. Our procedure finds the correspondence without having to evaluate all the integrals. This makes our method attractive for further tests of the conjectured AdS/CFT correspondence involving higher-point functions.
The full three-point correlator has a unique form dictated by conformal invariance up to three undetermined constants, and their values are determined solely from the OPE coefficients [7, 8] . We reconstruct the explicit position space form of the correlator from these OPE limits. The individual terms occuring within the actual calculation of the full correlators generically produce logarithms and dilogarithms. Conformal invariance requires that these are absent in the final expression for the correlator. We show that this is the case.
The outline of this work is as follows. In section 2 we briefly review the prescription for the correspondence between the supergravity theory and its superconformal cousin living on the boundary. We find the x-space expression of the two-point function and the OPE of the three-point function which we use to generate the complete correlator expression. In sections 3 and 4 we present the calculation in momentum space on both sides of the AdS/CF T correspondence and verify that the two-and three-point functions match. This is done by explicitly comparing the integral expressions. In section 5 we present our conclusions.
AdS/CFT Correspondence
In this section we briefly discuss the characteristics of the correspondence. On the one hand one considers type IIB string theory in a AdS 5 × S 5 background. If the S 5 carries N units of five form flux, the string theory is conjectured [1] to be dual to N = 4 SU(N) super Yang-Mills theory. The radius of the five-sphere, which equals the radius of AdS 5 , is given by
while the Yang-Mills coupling constant is given by
One may reliably approximate the full IIB string theory by supergravity when R 2 /α ′ and 1/g st are taken to be large. From the Yang-Mills point of view, this corresponds to the 't Hooft limit, N → ∞, in which the effective coupling,
is kept fixed. This means that one can study the super Yang-Mills theory at strong effective coupling, by considering tree diagrams of supergravity. In [2, 3] a prescription was given how to calculate N = 4 SY M correlation functions from the IIB supergravity theory. Sources for conformal operators in the SY M-theory correspond to the boundary values of the supergravity fields on AdS 5 ×S 5 . The connected generating functional for CFT-correlators is identified with the supergravity action as a functional of the boundary values of the fields
However, in this relation there are still several constants to fix: the relative normalization λ of the sources to the supergravity boundary values, and an overall normalization ω of the action. More precisely eq. (2.4) should read
where ϕ[λϕ 0 ] are the fields in the bulk of AdS, expressed through their equations of motion as functions of the boundary values ϕ| ∂AdS = λϕ 0 . For a generic connected correlation function this results in an overall factor of
In the following, the couplings for supergravity, g 2 and k, will correspond to separate overall normalizations ω. We will reinstate boundary value to source normalizations λ only at the end of our calculations of the correlators, when we make the comparison between N = 4 super Yang-Mills theory and AdS supergravity.
Anti-de Sitter Supergravity
The supergravity fields which correspond to R-symmetry currents on the SY M-side are the SU(4)-gauge fields A i . The action for the gauge fields is independent of the details of the IIB compactification; up to cubic terms the action including a Chern-Simons term is,
Our SU(4) Lie algebra conventions with anti-hermitian generators T a are
The trace in a representation R is given by T r R (T a T b ) = −C R δ ab . As usual the fundamental representation is normalized to C f = 1 2 . We parameterize the AdS 5 space by a set of coordinates x 0 ,x i with the metric
The AdS radius has been set to unity. The coordinate x 0 ranges from 0 to infinity and the boundary of the anti-de Sitter space is at x 0 = 0. Boundary indices i = 1, . . . , 4 are raised and lowered by δ ij . Following the prescription in [2, 3] we can uniquely determine the dependence of the bulk AdS 5 gauge field A a i on the boundary values a a i through propagation with the appropriate kernel in a certain gauge. Ghosts are not necessary since we will only calculate tree diagrams. Using the shorthand notation R(x 1 ; x 0 ,x) = x 2 0 + |x −x 1 | 2 the gauge field and its exterior derivative in the bulk can be written as
These expressions are to zeroeth order in the Yang-Mills couplings and receive further O(a 2 ) corrections due to interactions.
As an illustration of how higher order effects enter into the bulk theory through the fields' dependence on the boundary, consider the following related theory [4, 10] 
The field equation for A i is
With the help of the Dirichlet Greens function K −1 ij one can solve the boundary value problem A i | ∂M = a i for the field in the bulk via an iterative solution
ji a i as the solution for the free system and substituting (2.13) back into the action one finds
Note that the second set of terms in (2.14) give corrections to the zeroeth order cubic term. We can now write down explicit integral forms of the supergravity action up to cubic powers of the boundary value a i . From this we will then determine the two-and three-point functions of N = 4 SY M R-currents, by taking the appropriate functional derivatives with respect to the boundary values a i .
Two-point function.
The quadratic action S 2 [A] is the relevant part for the two-point correlator,
Here we have used integrals I f mn defined as The evaluation of the correlator involves the computation of the integrals I f mn (x 1 ,x 2 ) in eqs. (2.16 ). In the following we take the dimension to be d = 4 because the result is finite for separated points. After Feynman parameterization and performing the x 0 ,x integration we obtain
and the constant Ω(4) = 2π 2 is the angular integral over four-dimensional space. Notice that in the second term of (2.15) the derivative ∂ 
which is just the four-dimensional propagator. We are interested in the case of separated pointsx 1 =x 2 , and we will thus ignore the above contact contribution. In this way one finds for the two-point function
Here and in what follows we use the shorthand
Equation (2.20) is the well-known unique conformal invariant two-point function for vector fields.
Three-point function.
Next we find the AdS three-point correlator of SU(4) currents. The integrals are more complicated then for the two-point function. We will not calculate them explicitly, but only compute the leading term in the short distance expansion (OPE) and then determine the full correlator using conformal invariance. A proof that the AdS theory leads to conformally covariant correlators has been given in [9] . The full three-point function is defined via
There are two separate contributions, distinguished by the group theory factor d abc or f abc . The Yang-Mills portion of the supergravity action yields
The expression in eq. (2.23) can still be anti-symmetrized in the indices in accord with the f abc structure. The integrals I f mnp (x 1 ,x 2 ,x 3 ) are defined analogously to the I f mn (x 1 ,x 2 ) we used for the two-point function
These integral expressions are convergent for m + n + p > f + (d/2 − 2). All the integral expressions involved in the correlator satisfy this condition. We maintain separation of points. The Yang-Mills contribution to the correlator is (with d = 4),
The Chern-Simons component of the supergravity action reads,
with symmetrized contribution to the three-point function
We will now examine in more detail the integral expressions occuring within the correlators. The Feynman parameterized integrals are
It is convenient to change the parametric variables to u and w through
The integral I f mnp (x 1 ,x 2 ,x 3 ) then reduces to
where the integrals H p;q r are given by
The result with general p and q for the integrals H p;q r is unwieldy, so we specialize to those cases which actually occur within the correlator expression: H 
Further evaluation of the w integration in eq.(2.31) is involved. Notice that these integrals gives rise to both logarithms and dilogarithms. Conformal invariance, however, prohibits such functional forms from entering into the final result for the correlator. This implies that various problematic contributions coming from the different I f mnp integrals in eqs. (2.25) and (2.27) must cancel out. We will confirm this cancellation.
Our strategy to compute the OPE of the correlation function consists of first acting with the derivatives appearing in (2.25) and (2.27) on the integrals H p;0 3 . It is convenient to use the following identity appears within the correlator after acting with ∂ 1 or ∂ 2 derivatives on the integrals H p;0 3 . Notice that ∂ 3 doesn't lower the value of p, because ∂ 3 Q = 0. In addition we have that
(2.37)
With these formulae it is straigthforward to extract the leading short-distance behavior (OPE) of the correlation function. In the limitx 12 → 0 one finds that P ∝ (P + Q) ∝x 
with coefficients α 1 and α 2 equal to 4 and 5 respectively. The short-distance behavior of the Chern-Simons contribution is lim
Using conformal invariance we will lift these short-distance expressions to the full correlator.
Reconstructing the three-point function is straightforward. Following [7, 8] we parameterize the most general three-point correlator for currents of conformal weight three as
The argument X 12 is the special conformal invariant combination
Conformal invariance requires t ijk abc (X) to be a homogeneous function satisfying
for all elements D i j in SO(4, 2). In addition the expression (2.40) must be symmetric under the interchange of (x 1 , a, i) with (x 2 , b, j) or (x 3 , c, k) which puts further restrictions on the function t ijk abc (X). Solving for the most general tensor compatible with these considerations leads to [7, 8] 
where β 1 , β 2 , β 3 are constant parameters which are model dependent. For the leading short distance behavior one finds that
+ subleading terms , (2.44) which means that the complete t ijk abc (X) functions, including the particular values for β 1 , β 2 and β 3 , can be directly inferred from the OPE. From eqs. (2.38) and (2.39) we find
which agrees with the result of [5] up to an overall normalization.
As a check of the conformal invariance we also examined dilogarithmic terms appearing in the expression for the correlator; the individual integrals I 
where
Given that Y 2 = 2P , the coefficient of the potential dilogarithmic terms vanishes.
Momentum space
We now proceed to compare the results in the supergravity calculation with those from the super Yang-Mills side of the correspondence. As briefly discussed in the introduction the regime where the supergravity calculation is valid is when g 2 Y M N is large, contrary to the regime where perturbation theory is valid in super Yang-Mills theory. A priori it is therefore simplest to focus only on the anomalous term of the three-point correlation function, where the perturbative one-loop calculation must generate the complete answer. The similar structure of the anomalous and the vector contributions to the correlator, however, lead to a simple one-loop correspondence for both terms. The absence of higher-loop corrections to the correspondence indicates a non-renormalization theorem for the vector part of the correlator [5] . The comparison of these calculations will be made in momentum space; this requires us to Fourier transform the supergravity expressions. Moreover the loop diagrams will in general be ultraviolet-divergent, and we use dimensional reduction to regularize our expressions.
It is well known that closed expressions for loop integrals in momentum space are complicated. We will therefore compare the correlators at the integrand level. Because we do not have to calculate the integrals explicitly this should be an effective way to compare higher-point functions in the future. In particular the supergravity side of the calculation becomes rather simple if left as an integral expression.
In the following we compute the correlation functions on the supergravity side in momentum space. In the subsequent section we examine the correlators in the YangMills theory and compare the two results with eachother.
Two-point function: AdS
We derive the two-point function from the Fourier transform of the defining expression,
which leads to,
The partial derivatives have been integrated by parts and have effectively been replaced by −i times the appropriate momentum. The boundary terms vanish and one is left with explicit functions of the momenta together with the Fourier-transforms of the integral expressions I f mn (x 1 ,x 2 ) given in eq. (2.16). These may easily be simplified to
3)
The momentum conserving delta function arises from first shifting thex i integration variable tox i +x followed by an integration overx. The boundary part of the AdS-vertex position acts as a center-of-mass for the currents. We shall evaluate the integrals through the use of multiple Schwinger parameters. Focusing on thex 1 integration we have
where 
where K ν (z) is the hyperbolic Bessel function of the second kind, satisfying
The result, however, is not very useful as the final correlator expression will then be a convolution of Bessel functions and such an integral is not easily done. We will instead keep the integral form as in (3.4) . The two-point integral function I f mn (−q 1 , −q 2 ) is obtained by twice substituting the result (3.4) into eq. (3.3), and we arrive at, ignoring the overall (2π)
where we have defined,τ = r τ r . (3.8)
Rescaling τ i → τ i /4 and substituting these integral functions into the two-point correlator expression (3.2) yields the dimensionally regularized result
We may rewrite the latter q 2 1 term as a derivative of the exponent and integrate by parts. This manipulation will also be used in the derivation of the three-point function; in general this leads to
Applying the identity (3.10) within the integral (3.9) we arrive at,
Since q 2 1 = q 2 2 the exponent only depends on 1/τ 1 + 1/τ 2 . After defining τ 1 = ατ and τ 2 = (1 − α)τ we may scale the α parameters and perform the integration. We obtain,
as the final integral expression for the two-point function.
Three-point function: AdS
Similar to the derivation of the momentum space two-point function, we write the threepoint correlator as polynomials in the momenta q i multiplied by the Fourier transformed integrals I f mnp . The f abc part of the correlator in eq. (2.25) leads to
The momentum-space form of the expressions I f mnp can be derived using the methods of the previous section. Ignoring the overall (2π)
r /4τr . (3.14)
Inserting this result for I f mnp into eq. (3.13) gives
Again we write the q 2 factors appearing within the tensor of eq. (3.15) as τ -derivatives of the exponent, followed by an integration by parts. Using eq. (3.10) in eq. (3.15), and also taking into account that the whole expression is invariant under cyclic permutations, we arrive at
We will compare this expression in section 4 to the corresponding one-loop calculataion in super Yang-Mills theory. Next we turn our attention to the d abc part of the three-point correlator. The integral expression in eq. (2.27) leads to a momentum space form,
After inserting the form (3.14) for I f mnp into eq. (3.17) we find the result
Notice that in the last step we have set d = 4 because the integral is finite, as we expect for the anomaly.
Yang-Mills
Now that we have obtained expressions for the three-point functions from supergravity tree graphs, we will calculate the same expressions directly in N = 4 SU(N) super YangMills theory. At the end we shall compare the momentum dependent results. The N = 4 Yang-Mills theory follows from the dimensional reduction of N = 1 super Yang-Mills theory in ten dimensions and is
Under R-symmetry the fermions transform chirally in the fundamental of SU (4), whereas the scalars transform as the antisymmetric 6,
The global SU(4) current derived from the Noether method is
For the real representation 6 the generators are antisymmetric; the quadratic Casimirs are C 4 ≡ 1 2
, C 6 = 1.
Two-point function: SYM
The two current correlator receives at one-loop contributions from two graphs, one with internal scalars ϕ and one with fermions ψ. We first evaluate the scalar contribution,
where we have dimensionally regularized the integral and suppressed a group theory factor of N 2 −1. It is trivial to perform the integration over the loop momentum in this particular case. We will, however, use the two-point function as a didactic tool for higher-point ones, where the loop integrals are not so straightforward.
Introducing SY M Schwinger parameters we may rewrite (4.4) as, ignoring the overall factor of (2π
The vertex factors (2p + q 1 ) i can be written as derivatives of the exponential, after which the loop momentum integral is easily done:
After expanding the derivatives we arrive at
which is the final expression we need for the scalar contribution.
Next we turn to the fermionic contribution to the current-current correlator; its integral expression is
We evaluate the momentum integral of eq.(4.8) in a similar way and use four dimensional commutation rules for the Dirac matrices in accordance with the rules of dimensional reduction. This yields for the fermionic contribution,
One would like to see that the correlation functions (4.7) and (4.9) are transverse, as one would expect for conserved currents. Indeed the transversality will become manifest in the course of bringing the SY M expressions into a form that can be easily compared to the AdS result in eq. (3.12).
In a similar fashion to the steps performed in deriving the two-point function on the supergravity side, we scale τ 1 = ατ and τ 2 = (1 −α)τ . The α integration within the scalar and fermionic contributions may be performed in order to compare our results, and we find after changing variablesτ → 1/τ ,
where B(x, y) is the Beta function. Using the identity in eq. (3.10) we may rewrite the latter term in the above and make the result manifestly transverse,
The fermionic contribution similarly gives
The sum of eqs. (4.11) and (4.12) gives the two-point result on the super Yang-Mills theory side.
We now compare the two two-point functions to eachother, but first we must restore the group factor N 2 and coupling λ 2 . Comparing the coefficients of the sum above with the AdS result (3.11) we find agreement if
We will use this relation to fix the overall normalization of the correlation functions.
Three-point function: SYM
In this section we analyze the one-loop three-point function; it arises from a triangle graph with internal scalars or fermions. The scalar contribution gives,
14)
The fermionic graph can be decomposed into an even and odd parity part:
with the tensors defined by
As before the denominator factors may be exponentiated by means of a set of Schwinger parameters, and the numerator factors can be generated by applying derivatives on the exponentials. The scalar graph then has the form
At this point one can easily perform the integral over the loop momentum p
where we have definedτ = τ 1 + τ 2 + τ 3 . Expanding the derivatives yields
The expression has been written in a manifestly cyclic form under the simultaneous interchange of 1 → 2 → 3 and i → j → k through the use of the momentum conservation. In addition, one may check that the expression in eq. (4.19) is antisymmetric under the simultaneous interchange of 1 ↔ 2 and i ↔ j. In order to make the exponential in (4.19) equal to the one found on the AdS-side, we impose the relation
which may be inverted to
(4.21)
The Jacobian associated with this change of variables is
In terms of the new variables we obtain for the scalar contribution,
Upon use of the identity,
we arrive at our final expression for the scalar graph
Similarly, the even-parity fermionic contribution can be written as
It is straightforward to work out the trace over the gamma matrices using four dimensional rules and contract the Lorentz indices. As before we absorb any q 2 r prefactor into
The bosonic and fermionic expressions (4.25) and (4.27) benevolently conspire to produce a simple formula for the f abc part of the three-point correlator; their sum is
Comparing with the result of the supergravity calculation (3.16) we see that the two expressions agree. Restoring the suppressed group factor of N 2 − 1 and the boundary value to source normalization λ the overall normalizations are related as
In addition the normalizations of the two-point function must agree according to eq. (4.13). These two requirements fix the undetermined normalizations λ and g 2 of the AdS/CFT correspondence to
We should comment that the second equation does not imply that the value of the coupling constant of the IIB supergravity has been fixed. As we explained in section 2, g 2 is an additional normalization of the action. The expansion parameters of the supergravity theory, α ′ and g st , are still arbitrary. The odd parity part of the fermionic triangle graph is described by the same formula (4.15) as for the even one but with the gamma-matrix trace, O ijklmn . The trace over the symmetrized set of gamma matrices is calculated with four-dimensional rules,
Tr γ i γ l γ j γ m γ k γ n γ 5 − γ n γ i γ l γ j γ m γ k γ 5 + γ k γ n γ i γ l γ j γ m γ 5 − γ m γ k γ n γ i γ l γ j γ 5 + γ j γ m γ k γ n γ i γ l γ 5 − γ l γ j γ m γ k γ n γ i γ 5 = 2 3 (−δ il ǫ jkmn + δ in ǫ jklm + δ jl ǫ kimn − δ jm ǫ kinl + δ km ǫ ijnl − δ kn ǫ ijklm ) − 1 3 (δ mn ǫ ijkl + δ lm ǫ ijkn + δ ln ǫ ijkm ) . where the tensors are defined as A n = τ 1 q 3n − τ 3 q 1n
B lmn = τ 3 q 1n q 2m ( q 2l τ 2 − q 1l τ 1 ) + 1 3 (q 1l q 2m q 3n − q 2l q 3m q 1n ) . to the Adler-Bardeen theorem; the matching of the vector-like contribution, however, at exactly one-loop implies the vanishing of all higher loop effects within the AdS/CFT correspondence. The latter points to the existence of non-renormalization theorems in the superconformal theory. In [5] this was pointed out based on a different technique of computing the R-correlators. Keeping the results as integral expressions shows that the vector-like portion of the correlator is of the same form as the anomalous part. The three-point function has highly constrained kinematics and its Schwinger parameterization contains an exponential function only of the external momentum inner products q 2 i . This allows one to match the integrands in a rather straightforward manner; in the super YangMills side this dependence comes from the loop integration, and in the AdS side it arises from the boundary/bulk kernel.
The off-shell generating functions for the R-symmetry correlators are difficult to compute in pure field theory at higher-point, and our technique rather relies on mapping the integral expressions to the appropriate supergravity results in the AdS/CFT correspondence. Our method of testing the conjectured AdS/CFT correspondence is suitable for generalizing to further matching tests of higher-point functions without the technical problems associated with the loop integrations. The four-point function is interesting for several reasons, but unlike the three-point function its form is not fixed by superconformal invariance. The kinematical constraints are weaker at the four-point level and thus matching it in the AdS/CFT correspondence is a more non-trivial test of the conjecture. However, there is no obvious reason to believe that the correspondence of the higher-point functions holds again at one-loop. Furthermore, the same analysis performed here may clearly be performed to relate other three-point functions in the correspondence besides the R-symmetry currents to the gauge correlators.
